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'^ ■ Abstract 

^^ . A special embedding of the 5't/(4) algebra in SU{1Q), including both spin two 

and spin three symmetry generators, is constructed. A five dimensional action for 
massless spin two and three fields is proposed. The connection with the previously 

KA • investigated higher spin theories in AdS^ background is discussed. Generalization 

H ' to the more general case of symmetries, including spins 2, 3, ... s, is shown. 



1 Introduction 

Higher Spin gauge theories have different structure in different space-time 
dimensions. The first example of a consistent fully nonlinear HS theory in four 
dimensions was given in [1]. Less is known for higher dimensions. In dimensions 
higher than four Higher Spin theories are getting more complicated in general, 
allowing fields of mixed symmetry type. At the same time, for the restricted spec- 
tra of only symmetric fields, Vasiliev equations are available for any space-time 
dimension [2]. They are defined unambiguously and describe totally symmetric 
bosonic fields of all spins. 

Recent progress in three dimensional AdS higher spin gravity resulted in new 
relations between topological Chern-Simons theory, two-dimensional conformal 
field theories with higher spin symmetry, and new three-dimensional black hole 
solutions with higher spin charges (|3]-|8] and references therein). It also points 
out again the importance of an AdS background for the construction of consis- 
tent nonlinear higher spin interactions with a finite number of interacting higher 
spin gauge fields. These recent results are based on the embedding of the grav- 
itational gauge group into a larger group, unifying higher spin gauge symmetry 
with the AdS group. In the three dimensional case it amounts to embedding 
SL(2) into SL{?)){SL{n)) in the case of spin three (up to spin n) gravity, and 
the corresponding field theory is described by a three-dimensional Chern-Simons 
action with S'L(3) x SL{2>) {SL{n) x SL{n)) gauge group. The case of three di- 
mensions is singled out by the existence of a one-parameter family of Higher Spin 
algebras, that underlie the construction of Chern-Simons actions for the gauge 
fields P, [ini [m [12] and Vasiliev equations, describing the interaction of Higher 
Spin gauge fields with scalar matter [T3] . 

The main goal of this paper is to generalize this approach to five dimensions, 
and to propose possible nonlinear interacting theories with finite number of higher 
spin fields in an AdS^ background. Moreower we show in this paper the existence 
of a family of Lie algebras, the generators of which can be identified with the 
generators of Higher Spin gauge symmetries for a finite number of symmetric 
fields in {A)dS^, analogously to the case of three dimensions. 

As a realization of this idea we construct in the next section a special em- 
bedding of the spin two and spin three symmetry generators in frame formalism 
into a unifying SU{1Q) Lie algebra, where the spin two generators correspond 
to the 5'[/(4) subalgebra and the spin three generators to the remaining part 
of S'f/(10). In Section 3 we construct gauge fields and curvatures. The latter 
include interactions and self-interactions of the spin-2 and spin-3 fields. In the 
fourth section we discuss a possible action as a realization of the unified spin 2 
and 3 gauge field theory. The first idea which comes to mind is a five- dimensional 
Chern-Simons action for the SU{\Q) gauge field. This idea is also based on the 
fact that for unitary groups one can find invariant third rank symmetric tensors 
which provides an invariant trace for the construction of the Chern-Simons ac- 



tion in five dimensions. But it is well known since many years [T1][T5] that this 
action, even in the pure gravity case (5*0(6) gauge group) leads to Gauss-Bonnet 
(Lovelock) gravity with a special combination of terms quadratic and linear in 
curvatures and without a propagator for spin two fluctuations in an AdS^ back- 
ground. Higher Spin Chern-Simons gravity in 5d was discussed in [16], where 
the authors considered also the dynamics of linearized spin 3 gauge fields. How- 
ever, another possible Lagrangian formulation for theories of spin 2 and higher 
in an AdS background in the frame formulation is known. It is the so-called 
MacDowell-Mansouri-Stelle-West formulation [171 CH] used by Vasiliev for per- 
turbative analysis of interactions [T9l l20l [21] . Taking into account all of this, we 
propose in Section 4 a generalization of the coset construction of [TTJ [18] and 
introduce a compensator field living on the coset SU{10) / SO{10) . The limit of 
pure spin two field and the free limit of the spin three field in an AdS-background 
are correctly captured. Generalization to any spin is discussed in the section 5. 

2 Unification of spin 2 and 3 symmetries on 

AdS^ 

Gravitational theories in frame formalism can be formulated as gauge theories. 
Since our construction draws some of its motivation from the three dimensional 
case, we will briefly recall it. There pure gravity with a negative cosmological 
constant can be written as a S'0(2,2) ^ SL{2,'R) x SL{2,'R) Chern-Simons 
theory. The generalization to higher spin is to replace SL(2) by a bigger group G 
with a special embedding S'L(2,M) M- G, the simplest case being G = SL{3,M.) 
with the principal embedding, leading to a unified description of a spin-three field 
coupled to gravity. 

Five dimensional gravity in AdS^ space is a gauge theory of SO {2, 4) (pure 
AdS) or S0{1, 5) (Euclidian AdS). The corresponding fiinfbein and spin connec- 
tion can be extracted from the gauge field, which is an algebra-valued one-form, 
by decomposition of the adjoint representation of S'0(2,4) or 5*0(1,5) into the 
adjoint and vector representations of 5*0(1, 4). For simplicity and without loss of 
generality we can replace these non-compact groups by their compact versions. 
Namely we consider instead of the AdS^ group the six dimensional rotation group 
5*0(6) and expand the gauge field with respect to the "space-time rotation" group 
5*0(5), just separating the sixth component as the vector representation and ob- 
taining correspondingly a fiinfbein and a spin-connection: 






A^^dx" = A^^ = -A^^, A,B, ■■■ = !,. ..,6, 



j^AB ^ {A"^yl'^''} = {e^a;'^''}, a, 6=1,..., 5. (2.1) 

We can then impose constraints of vanishing torsion and express the spin con- 
nection in terms of fiinfbein and inverse fiinfbein fields. 



Then we propose the following extension to include spin 3 fields (and higher). 
The S0{6) representation of the gravitational fields (12 .ip is via the antisymmetric 
two cell Young tableau 



A^B^Y^T=^, dim(F,Ti^^) = 15 
In terms of Young tableaux, the expansion (12. ip is 

n =fn + n 
n so(6) ^ n 



50(5) 



or in terms of dimensions: 



1550(6) = (5 + 10)50(5) 



(2.2) 



(2.3) 



(2.4) 



From this point of view the spin 3 field corresponds to the 50(6) window diagram 
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AB,CD 



Y 



so (6) 



j^^AB,CD 



d\m{Y^!^^^,) = 84 



(2.5) 



and the corresponding 5*0(5) expansion to a spin 3 tetrad and connections looks 
hke 



aAB,CD 



^ab 
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ab,c 
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Kcd 



SO{6) 



where we have identified 
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SO(5) 



SO(5) 



(2.6) 



J Aa6,b6 Aab,c6 Aab,cd\ r 



ab , ,ab,c , ,ab,cd 



,U 



00 



'}■ 



(2.7) 



The 00°''^''^'^ are so-called extra fields (which are absent in d = 3). 

For the unification of the spin 2 and spin 3 degrees of freedom into one field, 
we should first of all find a Lie group G with dimension 



1550(6) + ^50(6) 



99r 



(2. 



Taking into account that 50(6) is equivalencl to 5t/(4) we see that the natural 
choice for G is 5f/(10)l]J. The 15 generators of spin 2 gauge symmetry and 84 
generators of spin 3 gauge symmetry can be combined into the 99 generators of 
5f/(10). 



*See the appendix for details on the isomorphism so(6) ~ su(4) and other relevant formulae. 
^For other signatures of the initial space-time isometry algebra, we have, of course, different 
real forms of S'L(10,C). 



To proceed, we have to find an embedding of SU{A) into SU (10) sucli tliat tlie 
adjoint of tlie latter decomposes w.r.t. the former as in (12. 8p . That amounts to 
finding a representation of 5'[/(4) of dimension 10. Such representation of 5^7(4) 
exists in the space of symmetric second-rank tensors. We arrive at the following 
embedding procedures 

• Denote the 99 generators of the SU{10) algebra by 

t/j, Uj = 0, J,J,---G{1,2,...,10}. (2.9) 

• We can present the SU{10) vector indices I, J, . . . as sjTiimetric pairs of 
vector indices of 5'f/(4) 

I,J,... ^ (a/3),(75),..., a,/3,---e {1,2,3,4}, 

U'j ^ f/,t = <" = t/,?, < = 0. (2.10) 

• The SU{4:) M- SU{10) embedding can then be realized as the decomposition 
into single and double traceless parts of U"g 

(2.11) 





- U/°/3 lr(a./3) 






Ks' - 


= ^? = o, 



where L^ are the 15 generators of S'f/(4). 
This shows that (12.111) is a realization of the embedding: 

995f/(io) = (15 + 84)so(6). (2.12) 

Using the explicit form of the SU{10) generators, it is straightforward to work 
out the commutation relations of L and W. The result is given in the appendix. 

To summarize, we constructed a Lie algebra of spin 3 and spin 2 transforma- 
tions in AdS^ using a special embedding 5*0(6) ~ SU{4:) ■— )■ SU{10). From ( 1A.6P 
one sees that the difference between S'?7(10) and SU{4:) is precisely the tensor 
representation of SU{4) corresponding to the window tableau of 5*0(6). 

In the subsequent sections we attempt to construct a non-linearly interact- 
ing gauge field theory corresponding to the above unified algebra, and show a 
connection to Vasiliev's free higher spin action in AdS background |19j . 



^We do not distinguish between the components of a tensor in the adjoint representation 
and the generators of SU {10). 



3 Gauge fields and Curvatures 

In this section we apply the 5*^(4) M- SU (10) embedding to gauge fields 
and curvatures. First of all we can equip a general one-form gauge field and 
zero-form gauge parameter with 5^7(10) indices expressed as symmetric pairs of 
SU{4:) indices 

^ = A;'sU21, e = e'^JU2l, (3.1) 

SA = De ^ Kf = < + <4-^7X'- 

From now on we use for algebra valued objects a component formalism, i.e. 
stripping off the generators. In this notation the SU (10) Yang-Mills field strength 
is 

F,"f = dA;S + Af^AA% F„t = 0. (3.2) 

Using the embedding (12.111) we can extract from the SU{10) gauge field and field 
strength the spin 2 and spin 3 gauge fields and curvatures: 

(3.3) 



where 







Ks' = ^', = 0, 






K's = 4 = 0. 



< = D^w:;f + wil A w'4 - UtK:\ ^ ^.w' 



DJM-J = dW:^l + -ci" A Wf - -ut^ A W^l (3.4) 



''75 ^''^■yS '^ Xp 7(5 fi (7 IVI (5)o 

1 (a . TT//3)A 1 

r^ = rfo;^ + ia;^ A a;^ + 1^,7 A W^^. 

Structure and couplings of fields in the curvatures refiect the structure of the 
commutators (\A.QJ 



4 Topological Actions and Coset Construction 

We begin with a brief review of the Macdowell-Mansouri-Stelle-West action 
principle for the case of usual spin two gravity in five dimensions. The task could 
be formulated in the following way: we have to write a topological action for five 
dimensional gauge theory with 5*0(6) gauge group. This means that we should 



3 After rescaling of the spin two field w — > 3a; the curvature transforms to the usual Riemann 
form. 



construct a five-form enabling us to integrate over a general five dimensional 
manifold M5 in a metric independent way. Introduce a field strength 

F^^ = dA^^ + A^c^A^^, A,5,--- = l,2...6 . (4.1) 

The natural choice for the action is 

^50(6) ~ / eABCDEF B^^ A F^^ A F"^ , (4.2) 



'50(6) 

J Ms 

where B^^ = —B^^ is an 5*0(6) algebra valued gauge covariant one-form con- 
structed from some compensator field. The compensator field should be intro- 
duced in a way that does not lead to equations of motion purely quadratic in the 
field strength 

eABCDEpF'''' A F^^ = 0, (4.3) 

as happens in the Chern-Simons case and which leads to a vanishing propagator 
in an AdS background F^^ = F^^g = 0. A possible solution is to take the 
compensator as an element of the coset G/H where G in this case is SO (6) 
and the stabilizer H should be taken in a way to keep "Lorentz" covariance 
as the remaining symmetry after gauge fixing. The natural choice in this case 
is if = 5*0(5). This construction leads to consistent gravity action, which is 
equivalent to the Einstein-Hilbert action in the linearized limit. In summary, we 
define the compensator field as an element of a five dimensional sphere 

S^ = SO{6)/SO{5) . (4.4) 

The sphere can be realized, in a manifestly 5*0(6) invariant way, as a unit vector 

inM^: 

V"^, V^Va = 1. (4.5) 

The 5*0(6) covariant one-form and the corresponding action can then be con- 
structed from (14. 5 p uniquely: 

qAb ^ v^'^DV^'K DV'' = dV"" + A^'cV^ , (4.6) 

Sso(6) ~ / e^scDA/TvV^^^V^AF^^AF^^^. (4.7) 

J Ms 

A detailed analysis of the equations of motions and symmetries of this action 
can be found in [19]. Here we only note that using local 50(6) invariance of 
the theory, we can bring the vector field V'^^x) to the constant unit vector in 
the sixth direction, and the remaining 50(5) invariance will still be sufficient for 
covariance in the language of fiinfbein and spin connection (12.11) . Another impor- 
tant aspect of this construction is that the remaining 50(5) invariance, combined 
with diffeomorphism invariance will still be sufficient for full AdS invariance of 
the theory [T9] . 



One can rewrite this action equivalently in SU{A) form. This can be done in 
two ways, leading to the same result, of course. The first one is a direct trans- 
formation to chiral spinor indices a, P, ■ ■ ■ G {1, 2, 3, 4} using standard identities 
for chiral Dirac matrices in six dimensionqj 

F! = i^Asr^F^'' ^ F^^ = -\{^^%F^, FS = 0. (4.8) 
The constraint on V"''^ which follows from (14.51) is 

V'^Vp^ = 6% K/3 = \e^Msy^'- (4.9) 



With the help of the identity ( JA.lip one obtains from (14. 7p 



Ssui^) ~ ^ I V^DVpx A F^^ A F^. (4.10) 

J Ms 

So we recognize the S'?7(4) covariant algebra-valued one-form 

5° = iV''\DV)px, B2 = 0, (4.11) 

The second way is to observe that the integrand in (14.71) is just the 5*0(6) invariant 
trace of three elements of the 50(6) algebra or, equivalently, that eABCDEF is 
the (i-symbol of 50(6) ~ 5?7(4). With this observation it is immediate how to 
generalize the topological action for any Lie group G: 



Sg-- / rfoeAfi^' A F« A F^ , (4.12) 

where capital Greek indices r,6,A--- G {1,..., dim(G)}. The crucial point of 
this construction is the choice of the coset G/ H whose element will be used for 
the construction of the G covariant one-form B^. In the case of G = 50(6) 
we have H = 50(5) and the compensator field is an element of the five-sphere. 
Equivalently for the same system, if G = 5f/(4) we identify the stabilizer group 
H = Sp{A) ~ 50(5) and the compensator V"'^ is an element of the coset 

5f/(4)/5p(4) , (4.13) 

and is expressed as an antisymmetric 5f/(4) tensor constrained by (14.91) . Then 
the 5[/(4) algebra valued one-form can be constructed as (14.111) and the general 



^Further details are given in the appendix. 



action f l4.12p transforms into fl4.10p . Note also that in the same fashion as we 
fixed the gauge using local 5*0(6) rotations, 

V^ = {y\V'), (a = l,...,5), 

\/(0M = (0,l), (4.14) 

in the SU{A) formulation, we can bring the compensator field Vap{x) to the con- 
stant symplectic form V^J, leaving an unbroken symmetry Sp{A). The relation 
corresponding to (I4.14p is 

V^p{x) = V^^=iT.%. (4.15) 

We now turn to our proposal for unifying spin 2 and spin 3 invariance. To this 
end we consider an action with gauge group S't/(10) with the special embedding 
of SU{'i) discussed above. This means that we identify in (I4.12p the field strength 
F^ with the S'f/(10) field strength (13.21) . In other words we replace the indices 
r, G, A, . . . by two symmetrised pairs of SU{A) indices "f with the corresponding 
SU{1Q) rule for taking the trace, e.g. using the (i-symbol (1A.3P 



Ssum = / 5"^ A FZ A F^^., (4.16) 



J Ah 

F^^ was defined in (13. 2p . It remains to define the correct coset space and com- 
pensator, and to construct an S'f/(10) covariant one-form 

<, i?:? = 0, (4.17) 

Searching for a suitable stabilizer for the coset G/ H constructed from G = 
SU{10), we arrive a.t H = SO{10). This choice of compensator allows the back- 
ground value described by the SU(4)/Sp(4) coset construction. This property we 
use below in the analysis of the linearized limit. From 

G/H = SU{10)/SO{10) , (4.18) 

dim{G/H) = dim{SU{10)) - dim(5O(10)) = 54 . 

we conclude that the compensator should appear as a 54-dimensional representa- 
tion of 5*0(10). For SU{10) covariance of B or, equivalently, for SU{10) invari- 
ance of the action (14.161) . this representation should be expressed as a constrained 
representation of SU{10). From an 5*0(10) point of view it is a second rank 
symmetric traceless tensor with 54 independent real components, which we can 
express as an SU{10) object in the following way. Consider the space of complex 
tensors symmetric in a pair of lower indices and its complex conjugate tensor 
with upper indices 

Vij = Vji, V'' = V'' = iVjjr, J,J,---G {1,...10}. (4.19) 



It has 55 independent complex components. The natural SU{10) invariant (real) 
constraint 

V^^Vkj = 6^j or V*V = 1, (4.20) 

reduces the number of independent real components to 55. If we construct an 
SU (10) covariant one- form in the usual way 

B'j = iV'^'DYkj, (4.21) 

DVkj = dVKj - Afj,Vj)L, 

we see that in this case the constraint (I4.20p is not sufficient for rendering 04.2ip 
traceless and therefore SU (10) algebra valued. In any case, we need one more 
real constraint on (I4.19P to reduce the number of independent components to 54 
in order to identify this tensor with an element of the symmetric space (I4.18p . 
The following SU{10) invariant constraint 

det(y) = 1, (4.22) 

solves both problems and completes the construction of a covariant one-form 
in the SU{10) case. Replacing capital Latin indices with symmetrized pairs of 
SU{A) indices as before, we arrive at the following expression for 5";^ in (I4.16P 

5^f = tV''^^^''DV^s,Xp, (4.23) 

Bf, = 0, 
where the SU{10)/SO{10) compensator field is defined as 

^"^'"^V5.p,-,, = 5;f , (4.24) 

det(V(a/3),(75)) = 1. 

In this case we can also use local SU (10) transformations of the compensator 
field and set 

^iSAp = '5M),(Ap). (4.25) 

The unbroken symmetry is 5*0(10), because the r.h.s. of 04.251) remains invariant 
under S'O(IO) rotations. 

We now address the embedding of the 5't/(4)/S'p(4) compensator V^^ into the 
SU{10)/SO{10) element (14.240 . It is easy to see that the restrictions imposed by 
the ansatz 

y<^p,<ys = -{y°'''v^^ + V^^'^l/"''), (4.26) 
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supplemented with 

< - ^IXl (4.27) 

lead to a reduction of the one-forms 

5f =tV''^DVa5. (4.28) 

This means that putting the spin three gauge field to zero and using the ansatz 
f l4.26p . we obtain the purely gravitational action f l4.10p from the SU{10) invari- 
ant action. This immediately shows that the equations of motion have AdS^ 
background solutions. Note also that the restriction fl4.26p leading to the correct 
SU{4)/Sp{4) coset construction can be realized only for an 5*0(10) stabilizer. 

We now analyze the part of the quadratic action in AdS^ background that 
depends only on the spin three field. We require this part to coincide with the 
free action of [19] for the spin three case. However, one immediately realizes that 
the SU{10) invariant action (14.1 6|) does not suffice. Indeed, the free action for 
spin three consist of two parts [TU] 

'^'50(6) ~ / ^abcdainV DqV a [Ri ^' ^ A Ri Ci' Di 
Jms 

where Dq = d + Uq is background covariant derivative, Ri = Dqu the linearized 
curvature and the relative coefficient between the two terms is fixed such that the 
equation of motion for the unwanted "extra" fields corresponding to the 5*0(5) 
window like Young tableau in (12. 6 p trivializes. Using results from the appendix 
we can transform this action to SU{A) invariant form: 



SBh ~ ^ / V'^^DoV.x A {Rrs,5, A R^ 



S-1&2 

Qfcr 



+ \Ri'\5. a R'['\s,Vp,py'''). (4.30) 

However, from fl4.16p after linearization of the spin three field in an AdS^ back- 
ground, i.e. with the restriction f l4.26p . we obtain only the first term in fl4.30p . 
To get the second one, we introduce another term in the action. Such a term can 
be constructed with the rank four d symbol of 5*f/(10), defined as the completely 
symmetrized trace of four 5*f/(10) generators: 

Sg- I dnEBAB''^ A F® A F^ . (4.31) 

As before, capital Greek indices refer to the adjoint representation of 5*f/(10) and 
we can replace them by an upper and a lower index refering to the fundamental 

11 



representation of SU (10) and its complex conjugate, respectively, e.g. F^ — )• Fj 
with F/ = or by two pairs of symmetriced SU{4:) indices, i.e. F^g with F"g = 0. 
The tensor B can be realized using the SU{10)/SO{10) compensator field (cf. 
gl9]),g20]) and gSD)!: 

BjL = \{V'''DVjL - DV'^'Vjl) - traces. (4.32) 

In S'f/(4) covariant notation the second part of the spin three action then becomes 

~Ssum = I B;^^f^AF!:;AF^\^, (4.33) 

J Ms 

where 

<,Ap = ^(^"^"^'^V;.,Ap - DV-^'^%,,,,). (4.34) 

The general action should be a linear combination 

Ssu(io) + f^ Ssu(io), (4.35) 

where the relative coefficient k, is fixed by comparison with the free spin three 
action of Vasiliev O4.30p . To fix it we replace in 04.33P and 04.16P F with lin- 
earized curvatures Ri (keeping only spin-3 fiuctuation in AdS^ background), use 
the SU{4:) restriction (I4.26P for the SU{10) compensator field and replace the 
covariant derivative by Dq. Straightforward calculation gives 

Ssum ^ 2z / V''^DoV,xARrs,5,ARt'\a, (4.36) 

Ssum -^ -2^/ V''^DoV^xARt'\5,ARrc.5,Vp,,y^'\ (4.37) 

Comparison with (14.301) fixes k = — i. To close this section we note that keeping 
the spin two fiuctuation we obtain also a mixed term in the linearized action, 
which is proportional to the torsion of spin three field. This term vanishes if the 
torsion vanishes, a condition which we might impose by hand. 

5 Outlook 

Two obvious generalizations can be envisioned: including spins higher than three 
and other dimensions. The first one, at least as far as the identification of G and 
the embedding 5*0 (6) M> G are concerned, is straightforward. Consider e.g. spin 



II The traces would give the same contribution as (|4.16p . 
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2, spin 3 and spin 4. The fields and their 5*0(5) representations are 
•"^ ^ 10 w-- \_LJ an u 



UJ 



B 



u 



^ab 


D 


D 


14 


ab,c 


= 


□ 35 


b,cd 


— 


— 


35 



^abc 
abc,d 



UJ 



abc,de 



U 



abc,def 



\ \ 


30 

81 

]105 






1 


— 










— 












84 











(5.1) 



The fields in each column combine into representations of SO{Q) whose Young 
tableau coincides with the last one in each column. The total of 399 fields nicely 
combine into the adjoint representation of SU{20). The pattern repeats if we 
add higher spins such that for spin 2, . . . , s we find SU [l^'^'^)). All of the fields, 
that correspond to spins from 2 to s now combine into one SU(^(^1^ )) -valued 
one-form master field. We can introduce s — 1 symmetrized sm(4) indices for each 
of the SU(^{^^ )) indices (the number of components matches exactly). The trace 
decomposition of the master one-form field gives all the fields, corresponding to 
different spins. 

We expect that this result hints on the existence of one parameter family 
of algebras for symmetric Higher Spin fields in five dimensions, in full analogy 
with the three dimensional case. For the critical values of the parameter, this 
algebra should acquire infinite-dimensional ideals, with the remaining generators 
forming finite dimensional subalgebras SU(^{^~t )) • If true, this family of algebras 
should include the known infinite dimensional Higher Spin algebras, discussed in 
[2^ [T^ [231 121 [TB] . In order to check this idea, one has to implement the more 
general construction of Higher Spin algebra, along the lines of [211 |25l [26l . 



Another observation is that for odd s the stabilizer group should be 5*0 ((*^ )) 
while for even s it is Sp(^{^~^ )), the reason being that the generalization of the 
restriction 04.26p . which is schematically V^^^ ~ (l^*^^)*~^, exists only if 



V< 



(ai...Os-i),(/9i---/3a-i) 



:-iY~'v, 



{/3i 



i),(cn...as-i)- 



(5.2) 



We have nothing to say about the generalization to other (odd) dimensions, 
except that e.g. in d = 7 and s = 3 there is no simple G which generalizes the 
discussion presented here. 

While we have demonstrated that the actions which we have proposed have the 
correct limits in the cases where we either switch off the spin-3 field or formulate 
them in an AdS gravity background, we leave the discussion of the interacting 
theory to future work. 
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Appendix 

In this appendix we give some of the details about the Lie-algebras which were 
used in the main body of the paper. 

The generators of SU{n) in the fundamental representation can be chosen as 
a basis of real traceless matrices as follows: 

iU'j)] = S^'Sj, - h!,5], (A.l) 

where the range of all indices is 1, . . . , n. These generators satisfy 

[f/j, U^ = 6fui- 6i Uf. (A.2) 



Using the explicit representation (jA.ip . one easily works out the rank three d- 
symbol of SU{n): 

d'jf^ = ltr{U^j{U^M'}) (A.3) 

fxI^M;:K , <:I <:M <:K ^ xl xK xM ^ xM xK xl xl xK xM , '^ xl xK x^ 

Considering the special embedding SU{A) M- SU{1Q), we represent the SU{1Q) 
indices I, J, . . . by a symmetriced pair of SU{4:) indices, i.e. / = {a/3), etc. with 
a, /3, ■ ■ ■ = 1, . . . , 4 and rewrite (1A.2P as 

[U^s^ up = 5^;, f/,f - 5f„ t/^7 , <5;f = 5,"5f + 6'^6^^. (A.4) 

Given the decomposition**! 

U'j = U^s' = W;' + l^i^Lf) ' ^«t = L: = 0, (A.5) 



**Our conventions are (jf^ig = <5^L^ + S^L"^ + SfL^ + S^gL^. 
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and the algebra (lA.4p . it is straightforward to derive 

[L% WP = Sf^W^^;^ - ^'^ly;)", (A.6) 



where {a{l3'y)6) denotes symmetrization in {a, 6) and in (/3,7) and (5"f = 5"^^ + 

The isomorphism between the vector respresentation of 5*0 (6) and the anti- 
symmetric second rank tensor representation of SU{A) is made exphcit with the 
help of the chiral Dirac matrices, some of whose properties arqliJ 



-Si 



la' 



(S^)"/5 = ^e''^^'^^ (A.7) 

A convenient basis for the S^^ is S^ = icra (S)o"i, S^ = 1 ® a2, S'^ = ia2 ® 1, S^ = 
c"2 ®cr3, S^ = ^cTi ® o"2, S^ = (72 CSo"! whcrc o"i are the three Pauli matrices. Then 
5*0(6) algebra generators can be constructed as 

(S^^)! = -^ (E^.S^'^- - Sf.E^'^-) , (A.8) 

Defining 

V^p = I Y.%Va , V^^ = ^e"^^V,,, (A.9) 

one finds that fl4.5l) implies the constraint 

V"W^^ = 6'^. (A.IO) 

Using the symmetries of the l.h.s. and the fact that S"^^ is traceless, leads to the 
identity 

eABCDMN ^aP^-ySy^ ) xi^ ) fi 

111 

= 4:1 [ea^Xf^S^'^s - ^iSXi^^Z - T^^c.^i^^s^^p + ^ea/35A5!;<^;^ + -^'rS-^xS'^fiSP^ (A.ll) 



-e75/3A^a5^ - -^afi^fiSgd"^ + -e^psi^S^Sl + -e^Sa,M5p5l - -e^&i3i,5''Jl\ . 



^^The indices a referring to the other chirahty are not needed here. By raising and lowering 
them with the charge conjugation matrix we can always convert them to un-dottcd indices. 
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In this identity we use the notation 5"f = 5^5^ — S^S^. Other useful identities 
are 

6^i.CDM;v(S^^)^(S^^)](S^^^)(; = -16 z djll (A.12) 

(S )a/3(Syl)7<5 = "2 eQ,/3^5, (A. 13) 

and 

{y-Ph,, - h'^X,) A f^ A rp = -2^"- V A /,^ A /^, (A. 14) 

/ia/3 A /i^5 = -- {haf^V^^K^Vps - (a ^ /3) - (7 ^ <^) + (a, 7) ^ (/?, 5)) , 

(A.15) 

for a traceless two-form /" = 0, /i an antisymmetric one-form with \^"^/ia/3 = 0. 
This is e.g. the case for hai3 = DVap- We will also use 

VapV^S + Va^Vsp + VasVjB^ = ea/S-yS, (A.16) 

to derive some of the formulas of Section 4. 
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